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Abstract. An algebraic Riccati equation for linear operators is studied, which 
arises in systems theory. For the case that all involved operators are un- 
bounded, the existence of infinitely many selfadjoint solutions is shown. To 
this end, invariant graph subspaces of the associated Hamiltonian operator ma- 
trix are constructed by means of a Riesz basis with parentheses of generalised 
eigenvectors and two indefinite inner products. Under additional assumptions, 
.^^ • the existence and a representation of all bounded solutions is obtained. The 



theory is applied to Riccati equations of differential operators. 
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> : 1 Introduction 

iL: ' We consider the algebraic Riccati equation 

^. A*X + XA + XBX-C=^0 (1) 

^D I for linear operators on a Hilbert space H where B, C are selfadjoint and nonneg- 

^—^ ■ ative. In particular, we study the case where B and C are unbounded. Riccati 

equations of type ([T]) are a key tool in systems theory, see e.g. [51 [T7] and the 
references therein. Unbounded B and C appear e.g. in pOll^l^U] . 

It is well known that solutions X of ((TJ are in one-to-one correspondence with 
^»^ ■ graph subspaces which are invariant under the operator matrix 

^^(A B 

\C -A* 

the so-called Hamiltonian. This correspondence was extensively studied in the 
finite-dimensional setting and led to a complete description of all solutions of the 
Riccati equation, see e.g. [T71IH1I21]- In the infinite-dimensional setting with B, C 
bounded, the invariant subspace approach was used by Kuiper and Zwart [16 for 
Riesz-spectral T and by Langer, Ran and van de Rotten [18] for dichotomous T 
(see also [S|). 



*Department of Mathematics and Informatics, University of Wuppertal, GauBstrafie 20, D- 
42119 Wuppertal, Germany, wyssOmath.uni-vruppertal.de 



We extend these results to the case where B and C are unbounded: For Hamil- 
tonians with a Riesz basis with parentheses of generahsed eigenvectors we show the 
existence of infinitely many selfadjoint solutions of ([T]) . Note that the concept of 
a Riesz basis with parentheses of generalised eigenvectors includes Riesz-spectral 
operators, and it also allows for operators which are not dichotomous. 

In systems theory, solutions of ([IJ which are bounded and nonnegative are 
of particular importance. For the case that T has a Riesz basis of generalised 
eigenvectors, that its spectrum is contained in a strip around the imaginary axis, 
and that B and C are uniformly positive, we prove that there are infinitely many 
bounded, selfadjoint, boundedly invertible solutions, among them a nonnegative 
one X_|_ and a nonpositive one X_ . Moreover, for every bounded selfadjoint solution 
X we prove the relations 

X^<X<X+ and X = X+P + X^{I -P), (2) 

where P is an appropriate projection. 

Bounded nonnegative solutions of ((T)) were obtained in [1^1 [H] without the 
assumption of uniform positivity of B, C. However, in |18j the spectrum <7{A) of 
A was restricted to a sector in the open left half-plane while here (t{A) may also 
contain points in the closed right half-plane. In [12] conditions for the existence of 
solutions were formulated in terms of the eigenvectors of T while we impose condi- 
tions on the operators A, B, C only. In the system theoretic setting, the relations 
([2]) were derived in [71 [23] , yet under the explicit assumption of the existence of 

For general block operator matrices, invariant graph subspaces are connected 
to solutions of a corresponding Riccati equation too. This was exploited in [THl HI] 
for certain dichotomous operator matrices and in [15] for selfadjoint ones. We also 
mention that, in systems theory, nonnegative solutions of ([!} are constructed by 
minimising a quadratic functional, see e.g. |8j. 

The structure of this article is as follows: In Sections [5] and [3] we study the con- 
cept of a Riesz basis of subspaces which is finitely spectral for a linear operator on a 
Hilbert space. Such a Riesz basis consists of finite-dimensional invariant subspaces, 
and it yields many non-trivial infinite-dimensional invariant subspaces, which we 
call compatible, see Corollarv l3.9l Up to certain technical details, a finitely spectral 
Riesz basis of subspaces is equivalent to a Riesz basis with parentheses of gener- 
alised eigenvectors, see Remark l3.6l Here we use the basis of subspaces notion since 
it is more convenient for our purposes. For the relation to dichotomous operators, 
see Remark l3.10l 

In Theorem 13.71 we use perturbation theory to prove a general existence re- 
sult for finitely spectral Riesz bases of subspaces and apply it to Hamiltonians in 
Theorem 14.41 Theorem 14.51 even yields a Riesz basis of eigenvectors and finitely 
many generalised eigenvectors. On the other hand, there is a huge literature on 
Riesz bases (with or without parentheses) of eigenvectors for various types of op- 
erators, e.g. [T31I3SII311; all these provide examples for finitely spectral Riesz bases 
of subspaces. 

In Section 13] we use ideas from J 181 and consider two indefinite inner products 
with fundamental symmetries Ji and J2 which are associated with the Hamilto- 
nian: T is Ji-skew-symmetric and J2-accretive. This implies the symmetry of the 
spectrum of T with respect to the imaginary axis and also yields a characterisation 
of the purely imaginary eigenvalues. In Section [5] we then construct hypermaximal 



Ji-neutral as well as J2-nonnegative and -nonpositive compatible subspaces; see 
Theorem 15.21 and ProDOsition l5.6l 

The m.ain existence theorems for solutions of ([IJ are presented in Sections [5] 
and [71 In Theorem 16.31 we establish conditions on T such that every hypermax- 
imal Ji-neutral compatible subspace is the graph of a selfadjoint solution of H]). 
J2-nonnegative and -nonpositive subspaces yield nonnegative and nonpositive so- 
lutions. Corollarv 16.61 provides a sufficient condition for the existence of infinitely 
many selfadjoint solutions. All these solutions are unbounded in general, and there- 
fore the Riccati equation takes a slightly different form, see also Proposition 16.11 
and Example 18.11 The existence of bounded solutions and the relations ([2]) are 
proved in Theorem 17.71 Finally note that the graph of an arbitrary solution of ^ 
is T-invariant, but not necessarily a compatible subspace, compare Theorem 17.41 
and Example [ 



2 Riesz bases of subspaces 

We recall the closely related concepts of Riesz bases, Riesz bases with parentheses, 
and Riesz bases of subspaces, see HH §1], [H Chapter VI], [171 §15] and pP. §2] 
for more details. 

Let y be a separable Hilbert space. We denote the subspace generated by a 
family {V\)\(zt^ of subspaces Va C ^ by 

^V\ = {xM + ■■■ + .TA„ I XX, e Vx, , Aj- e A, 71 e N}. 

AeA 
The family is said to be complete if X^asA ^a C V^ is dense. 

Definition 2.1 Let T^ be a separable Hilbert space. 

(i) A sequence (wfe)fcgN in V is called a Riesz basis of V if there is an isomorphism 
^ : V ^ V such that {^Vk)k<£'!N is an orthonormal basis of V. 

(ii) A sequence of closed subspaces {Vk)ke]N of V is called a Riesz basis of sub- 
spaces of V if there is an isomorphism ^ : V —>■ V such that {^{Vk))k£TN is a 
complete system of pairwise orthogonal subspaces. 

The sequence {vk)keK is a Riesz basis if and only if span{vk} C V^ is dense and 
there are constants m,M > such that 

n n 2 n 

^\ak\^ < ^akVk <M^|afc|2, a^ € C, n G N. (3) 



m 

k=0 



k=0 



k=0 



In this case every x ^ V has a unique representation x = J2T=Q'^kVki ctk G 
(D, where the convergence of the series is unconditional. The sequence of closed 
subspaces {Vk)keTN is a Riesz basis of subspaces of V if and only if {Vk)keK is 
complete and there exists a constant c > 1 such that 



c-i^||xfe|p<|^x,| <cY,\\xkr (4) 

keF keF keF 

for all finite subsets F C N and Xfe G Vfc. 



Proposition 2.2 A Riesz basis of sub spaces (yk)ki£'N has the following properties: 

(i) There are projections Pk G L{V) onto Vk satisfying PjPk — for j 7^ k and 
a constant c > 1 such that 

00 00 

c-i^||Pfcxf <||x||2<c^||Pfca;f for all x e V. (5) 

fc=0 k=0 

(ii) If Xk G Vk with J^'kLo ll^fcll^ <^ °^' then the series J^kLo ^k converges uncon- 
ditionally. 

(Hi) Every x (z V has a unique expansion x = X]fc=o ^^ with Xk G Vk, and we 
have Xk — PkX- 

Proof. The proof is immediate since all assertions hold (with c = 1) if the Vk are 
pairwise orthogonal, and they continue to hold (with some c > 1 now) if we apply 
the isomorphism $ from Definition 12. II D 



For a Riesz basis of subspaces {Vk)k£Mi the unique expansion from (iii) yields 
a decomposition of the space V into the subspaces Vk , which we denote by 



V=^Vk. (6) 



fceN 



Here, the superscript 2 indicates that, due to ([5]), the original norm on V is equiv- 
alent to the Z^-type norm (X^fceN ll^fe^^P)^^^- 

Consider now closed subspaces Uk C Vk. Then evidently (C/fe)feGN is a Riesz 
basis of subspaces of the closed subspace generated by the Uk, i.e. 



fceN feGN 

Analogously, for every J C N we have that {Vk)k£j is a Riesz basis of subspaces 
oi®l^jVk^ 

Definition 2.3 Let {Vk)k£K be a Riesz basis of subspaces of V . We say that a 
subspace U <ZV is compatible with {Vk)keM if 

U = ^R Uk with closed subspaces Uk C Vk- 
kev 
It is easy to see that, with Pk as above, U is compatible with (Vk) if and only 
if Pk{U) C U; in this case U = ®l Pk{U). 

If U and W are two subspaces of V satisfying U (^W — {0}, we say that their 
sum is algebraic direct, denoted by U ^-W . We say that the sum is topological direct 
and write U (BW \i the associated projection from U + W onto U is bounded. By 
the closed graph theorem, ii U DW = {0} and U, W and U + W are closed, then 
in fact U (BW is topological direct. 

Proposition 2.4 Let {Vk)ke'N ^6 0, Riesz basis of subspaces. 



^ Note here that Definition 12.11 implicitly covers the case of families with arbitrary index set 
J C N since Vk = {0} is possible. 



(i) If Vk = Uk ® Wk for all k, then the sum 

0' Uk + 0' Wk C V 

fceN fcGN 

is algebraic direct and dense, 
(ii) For J d ¥i we have the topological direct sum 

V=^\k(B 0Vfc. 
keJ fceN\j 

The associated projection onto the first component is given by 

Pj : ^ Xfe i-> ^ Xk, Xk e Vk, (7) 

fcGN k<£j 

and satisfies \\Pj\\ < c, where c is the constant from ^. 

Proof (i): Let f/ = 0^ f/fe, VF = 0^ VFfc, and a; G U n W. We expand x in 
the Riesz bases {Uk) of U and {Wk) oiW: x = ^j. Uk = Ylk ^fc with Uk G C/fe, 
w/c G Wk- As these are also expansions of x in the Riesz basis {Vk), we obtain 
Uk = Wk and thus Uk — and a: = 0. The sum U + W is dense in V since it 
contains X^fesN^fc- 

(ii): From ^ we have the estimate 

II ||2 II ||2 

fceJ fceJ fcgN fcsN 

This shows that Pj defined by ([7]) satisfies ||P,/|| < c. Obviously 

^(P-i) = 0' Vk, ker Pj = 0' y,. 

fee./ fceN\j 

and hence the topological direct sum. D 

Remark 2.5 If {Vk)k£¥i is a Riesz basis of finite-dimensional subspaces, then we 
may choose a basis {vki, ■ ■ ■ ,Vknk) in each Vk- The resulting system {vkj)k.j is 
called a Riesz basis with parentheses: Every x Cz V has a unique representation 

00 / jifc \ 

x = ^i^akjVkj\, akj&<C, 

k=o \j=i / 

where the series over k converges unconditionally. 

3 Finitely spectral Riesz bases of subspaces 

We recall some concepts for a linear operator T on a Banach space V, see also 
[21 [14]. A point z G (D is called a point of regular type if T — z is injective and the 
inverse {T— z)~^ (defined on TZ{T— z)) is bounded. The set of aU points of regular 
type is denoted by r{T); it is open and satisfies g{T) C r{T) and (jp{T){^r{T) = 0. 



Let T be a closed operator. A subspace A C V is called a core for T if for every 
X S I?(T) there is a sequence (x„) in A such that lima;„ = x and limTa;„ = Tx. 

Finally we denote by £(A) the space of generalised eigenvectors or root subspace 
of T corresponding to the eigenvalue A € crp{T), i.e. 



£(A) = IJ kcr(r - A)* 



fcSN 



For A ^ crp(r) we set £(A) = {0}. A sequence xi, . . . , x„ € £(A) is called a Jordan 
chain if (T — X)xk ~ Xk-i for fc > 2 and (T — A)a;i = 0. 

Definition 3.1 Let T be a closed operator on a separable Hilbert space V. We say 
that a Riesz basis of subspaces {Vk)k<£'K of V is finitely spectral for T if each Vk is 
finite-dimensional, T-invariant, Vk C ViT)^ the sets (T(r|vj.) are pairwise disjoint, 
and X^fcGN ^k is a core for T. 

Proposition 3.2 Lei T be a closed operator with a finitely spectral Riesz basis of 
subspaces {Vk)keTN- Then 

v{T) = lx=Y,xk xke Vk, J2 ll^^fell' < °«f ' (^) 

^ fcsN kev ^ 

Tx=Y,Txk for x^J2''keV{T),XkeVk. (9) 



fcGN feSN 

T is bounded if and only if the restrictions Tlv^ are uniformly bounded and in this 

case (with c from ^) 

\\T\\<c sup \\T\vA. 
fceJN 

Proof. Let Pk be the projections onto the Vk corresponding to the Riesz basis. 

(i): We derive ^ and ^. First note that for w G X)fc ^fc we have PkTu = TPkU 
for all k since w is a finite sum of elements from the T-invariant subspaces Vk ■ Let 
now y £ 'D{T). Since J2k ^k is a core for T, there is a sequence ?/„ € ^j. Vk with 
Z/n — ^ y, Tyn — >■ Ty. Since the restriction T\vf. is bounded, we obtain 

PkTy ^ lim PkTyn = lim r|y^,Pfcy„ == Tj^^ lim PkVn = TPky. 

n— ^oo n— >-oo n— ^oo 

Hence Efc ^^feyll' = Efc ll^fc^j/lp < c||Ty||2 < oo and 

y = ^^Pky e \x ^^^Xk Xk £Vk,^^\\Txk\\^ <oo\ with 

fc fe 

If on the other hand x — ^j, Xk with x^ e Vk, X]fe l!"^ 2:^11^ < cx), then 

n n n co 

I?(T) 9 >^ Xk ^ X and T >^ Xfe = \^ Txk -^ 2_. Txk- 
k=a fc=o fc=o fc=o 

Hence x G 2?(r) since T is closed. 



(ii): Suppose that L = supj. \\T\v^ \\ < oo. Then for x^Y.k^k& V{T): 



thus r is bounded with norm < cL. D 

For the case that the Vk are pairwise orthogonal and possibly infinite-dimen- 
sional, the spectrum of an operator defined by (O, © was calculated by Davies 
[HI Theorem 8.1. f 2]. We obtain: 

Corollary 3.3 Let T be a closed operator with a finitely spectral Riesz basis of 
sub spaces {Vk)ke'N- Then 

ap{T) = U a{T\v,), (10) 

feeN 

Vk= E ^W' (11) 

g{T)^r{T)^{ze€\ap{T) sup ||(T|y, - z)-i|| < oo}. (12) 

Proof. For the identities (|10p and (jlip . note that if A e cr,p{T) and a; = X^ign ^j ^ 
/:(A) \ {0}, X, G T/j, then by © 

o = (r-A)"x = E(^l^.-^)"^^- 

for some n G N, which implies (T|y. — X)"xj — for all j. Since Xk ^ for some 
/c, we obtain A G cr{T\vk). As the cr(r|v/.) are disjoint, we have A ^ cr(T|v,.) and 
hence a;-,- = for j ^ k, i.e. x G Vfe. 

To show ((HI), first note that if z G r(r), then for every fc G N, {T\v^ - z)-^ 
exists and is a restriction of (T—z)^-^, thus supj, II (r|yj^ — z)~-^|| < ||(T— z)~"^|| < cx). 
Furthermore, if 2 G (D \ cfp{T) with supj, IKTlv;, — z)^"'^|| < 00, then 

s -.^xk^ E(^i^'= ^ ^y^^k 

feeN fcSN 

defines a bounded operator S : V ^ V satisfying (T — z)Sx = x for all x ^ V . 
Consequently z G q{T) with (T - z)-i ^ S. D 

In some situations, the conditions on the closedness and the core in Defini- 
tion 13.11 are automatically fulfilled: 

Proposition 3.4 Let T be an operator on V , {yk)k£M o, Riesz basis of finite- 
dimensional, T -invariant subspaces of V , Vk C 'D(T) for all k, and a{T\v^,) pair- 
wise disjoint. Then: 

(i) Tq = T\y^ Vk *■' closable and {Vk)keK is finitely spectral for Tq. 

(ii) If r{T) 7^ 0, then T is closable and {Vk)ke:M is finitely spectral for T. 



Proof, (i): Let a;„ € 2?(2o) — ^j, Vk with linia;„ = and limTox„ = y. As in the 
proof of Proposition 13. 21 we have 

PkV = hm PkToXn = Km T\v,,PkXn ^ Tlv^Pk Um x„ = 

n— foo n— foo n— foo 

for every A: S N and hence y = 0; Tq is closable. The other assertion is now 
immediate. 

(ii): In view of (i) it suffices to show T C To; for T is closable then, and from 
To C T we conclude % ^T. Let a; e V{T) and z e r{T). Using the Riesz basis 
(Vk), we have the expansion (T — z)x = '^'^^qUr with yk € Vk- Since T — ^ is 
injective and Vk is finite-dimensional and T-invariant, T — z maps Vk onto Vk- We 
can thus set Xk — {T ^ z)^^yk G Vk and obtain x = X]fc°=o •''fe ^^ ^^"^ boundedness 
of (T — z)~^. Consequently 

n n n 

T>{To) 3^Xk^ X and (Tq - z) ^ x^ = ^ j/fc ^ (T - z)x 
fe=0 fc=0 fe=o 

as n — >■ oo, i.e., x G 2?(To) and Tqx — Tx. D 

The notion of a finitely spectral Riesz basis of subspaces contains many other 
types of bases related to eigenvectors and the spectrum as special cases: 

Proposition 3.5 Let T be closed with r{T) ^ and dim£(A) < oo for all A G 
ap(T). Then for the assertions 

(i) T has a finitely spectral Riesz basis of subspaces, 

(ii) the root subspaces C{X) of T form a Riesz basis, 

(Hi) T has a Riesz basis of Jordan chains, 

we have (Hi) =^ (ii) => (i). 

Proof. (ii)=>(i) is trivial. For (iii)^(ii) consider for each eigenvalue A G crp{T) the 
subspace V\ generated by all Jordan chains from the basis which correspond to A. 
Then (Vx)Aeo-p(T) is a Riesz basis of subspaces and V\ — C{\). D 

Remark 3.6 In the situation of the previous proposition, assertion (i) is equiva- 
lent to the existence of a Riesz basis with parentheses of Jordan chains with the 
additional property that Jordan chains corresponding to the same eigenvalue lie 
inside the same parenthesis. 

If T has a compact resolvent, then (ii) holds if and only if T is a spectral operator 
in the sense of Dunford, see pi1[5T] . 

A closed operator T is called Riesz- spectral |51 [TC] if all its eigenvalues are 
simple, T has a Riesz basis of eigenvectors, and (Jp{T) is totally disconnected. So 
if T is Riesz-spectral then (iii) holds. 

For an operator G let N{r, G) be the sum of the algebraic multiplicities dim£(A) 
for all A G cTp^G) with |A| < r. An operator S is called p-subordinate to G with 
< p < 1 if V{G) C V{S) and there exists 6 > such that 

\\Sx\\ < b\\xf-'P\\Gx\\P for xgP(G). 



Theorem 3.7 Let G he a normal operator with compact resolvent whose eigenval- 
ues lie on a finite number of rays e'^J]R>o, Q < Oj < 27r, from the origin. Let S he 
p-subordinate to G with < p < 1 . // 

. , iV(r,G) ^ 
limini — < CO, 

r— >oo r P 

then T = G + S has a compact resolvent and a finitely spectral Riesz basis of 
subspaces (Vfe)fcgN- 

Proof. See Theorems 4.5 and 6.1 in [37. In particular, note that the Vk were 
constructed as the ranges of Riesz projections associated with disjoint parts of 
cr(r), and hence the cr(T|yj.) are disjoint. D 

Now we study invariant subspaces with respect to a finitely spectral Riesz basis 
of subspaces. 

Lemma 3.8 Let T he a closed operator with a finitely spectral Riesz basis of sub- 
spaces (Vfc)fcgivi- For a compatible subspace U — ^^e^i ^k, Uk C Vk, the following 
assertions are equivalent: 

(i) U is T-invariant; 

(a) all Uk are T-invariant. 

For z e q(T), (i) and (ii) are equivalent to 

(Hi) U is {T — z)^^ -invariant. 

Proof. The claim is immediate from Proposition l3.21 in particular Q. For z € q{T) 
note that dim Uk < oo and Uk C I?(T) imply that Uk is T-invariant if and only if 
Uk is {T — z)~^-invariant. D 

Corollary 3.9 The subspace U is T-invariant and compatible with (yk)keK if o-^d 
only if 

C/= ^ H^A (13) 

Aecrp(T) 

with T-invariant subspaces W\ C >C(A). In particular, for a C (Jp{T) we obtain the 
compatible subspace 

U, = J2C{X) (14) 

associated with a. 

Proof, li U = Qf. Uk with Uk C Vk T-invariant, then, since dimUk < oo, 

Uk^ J2 ^A (15) 

Ae<T(T|vJ 

with W\ C £(A) T-invariant; consequently p^ . On the other hand, if U is given 
by IT^ . and we define Uk by P^ . then Uk is T-invariant, Uk C Vk, and we obtain 

u = e', Uk. D 



In the following, we will use the notation a^ (T) , (7+ (T) and a~ (T) for the set 
of eigenvalues of T on the imaginary axis and in the open right and left half-plane, 
respectively. 

Remark 3.10 Let T be a closed operator with a finitely spectral Riesz basis of 
subspaces {Vk)k^K, ^1,{T) = 0, and consider the invariant compatible subspaces 
U± associated with (t^{T). We have U± = ®iv^ where Vu = V^ ® V^T and 
V^ are the spectral subspaces of T\v^, corresponding to the right and left half- 



plane. Hence U+ -j- C/_ C V algebraic direct and dense by Proposition 12.41 For the 
operator T in Example 18. 1[ the sum is in fact not topological direct; in particular 

f/+ + [/_ c V. 

On the other hand, if an operator T is dichotomous (see |18|). then a strip 
around the imaginary axis belongs to g{T), and there is a topological direct de- 
composition V^ = V+ © T^_ such that V± is T-invariant and a(T\v±) is contained in 
the right and left half-plane, respectively. In particular U± C V±. Consequently 
the operator in Example 18.11 is not dichotomous. 

Lemma 3.11 Let T be an operator on V , zq £ q{T) and U d V a closed [T — 
Zq)~^ -invariant subspace. Then U is {T — z)~'^ -invariant for all z in the connected 
component of zq in g{T). 

Proof. It suffices to show that the set 

A^{z e g{T) \U is {T- z)~i-invariant} 

is relatively open and closed in g{T). Let z G A. For small |w — z| a Neumann 
series argument shows that 



iT-w)-' = {T-z)-'{l-iw-z)iT^z)-y = Y,iw-zfiT~z) 



-fc-i 



k=0 



If X eU, then (T - zy^-^x G U for all A: > 0. Hence also (T - w^^x e U, i.e. 
w £ A; A is an open set. 

Now let w G giT) with w — lim„_j.oo z„, z„ G A. For x G C/ we then have 

U 3 {T ~ Zn)~^x -^ {T - wy^x eU as rn- oo 

since the resolvent (T — z)~^ is continuous in z. Hence w (£ A, i.e., A is relatively 
closed. D 

Proposition 3.12 Let T be an operator with compact resolvent and a finitely spec- 
tral Riesz basis of subspaces {Vk)kev- If U is a closed subspace which is {T — z)^^- 
invariant for some z G g{T), then U is T -invariant and compatible with {Vk)ki£K- 

Proof. Since T has a compact resolvent, cr(T) consists of isolated eigenvalues only 
and g{T) is connected. The previous lemma thus implies that U is {T — z)~^- 
invariant for all z G g{T). Let Pk be the projections corresponding to the Riesz 
basis. Since ak — cr(r|y^) is an isolated part of the spectrum, Pk is the Riesz 
projection associated with ak, i-e. 

^fe = 7^ / {T-z)-^dz (16) 

10 



where F^ is a simply closed, positively oriented integration contour with ak in its 
interior and a{T) \ (Jk in its exterior, see e.g. [UJ Theorem III. 6. 17]. Consequently 
Pk{U) C f/, and U is thus compatible with (T4). T-invariance is now a consequence 
of Lemma 13^ D 



4 Hamiltonian operator matrices 

We use the following definition of a Hamiltonian operator matrix, see also [3] . 

Definition 4.1 Let _ff be a Hilbert space. A Hamiltonian operator matrix is a 
block operator matrix 

acting on H X H with densely defined linear operators A, i?, C on iJ such that B 
and C are symmetric and T is densely defined. 

If B and C are both nonnegative (positive, uniformly positive) , then T is called 
a nonnegative (positive, uniformly positive, respectively) Hamiltonian operator ma- 
trixH 

Hamiltonian operator matrices are connected to two indefinite inner products 
on H X H. We recall some corresponding notions, see [A, .5 for more details: A 
vector space V together with an inner product (-j-) is called a Krein space if V is 
also a Hilbert space with scalar product (-j-) and there is a selfadjoint involution 
J :V ^V such that {x\y) = {Jx\y) for all x,y d V. 

A subspace U d V is called neutral if {x\x) = for all x Cz U. The orthogonal 
complement of U is defined by 

[/<-L> = {a; e F I {x\y) = for aU y e [/}. 

Two subspaces U,W <Z V are said to be orthogonal, U{±)W, if W C L/^-'-^ [/ 
is neutral if and only if L/ C [/'^' . The subspace U is called non-degenerate if 
[/n[/<-L) ={0}. 

Let T be a densely defined operator on V. It is called symmetric if (Txly) = 
{x\Ty) for all x,y € 'D{T). The adjoint of T is defined as the maximal operator 
r<*> such that 

(Txly) = (x|r<*>y) for aU x e V{T), y e V{T^*^). 

T is called selfadjoint \iT — T'*' , and in this case its spectrum cr{T) is symmetric 
with respect to the real axis. 

Consider the Krein space inner products on H x H given by 

{x\y) = {Jix\y) with Ji^i-j Q 



and 



[x\y] = {J2x\y) with J2 = K 



/ 




^ Note that the sign convention T = ( _„ _ .. ) , in particular with nonnegative B, C, is also 



used in the literature, e.g. in |16II18| . 
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Here (-j-) denotes the usual scalar product on H x H. The straightforward com- 
putation 

= i{u\A*v - Cu) - i(t;| - Bv - Au) 



-A -B\ fu 
'C A* [i 



shows that T is Ji-skew-symmetric, i.e. 

{Tx\y) = -{x\Ty) for aU x, y G X'(r). 

As a consequence, T is always closable. In the following, additional assumptions 
on T such as in Theorem l4.4fo r the rO-diagonally dominance in Section [7] will often 
imply that T is already closed. From 



Re 



{c -A*) I 0] ^MiA^ + Bv\v) + {Cu-A*v\u)) 
= {Bv\v) + {Cu\u) 



we obtain that T is nonnegative if and only if it is J2-accretive, i.e. Re[Ta;|x] > 
for all x€V{T). 

Recall that wc denote by ap{T), <Tp{T) and a-p{T) the set of eigenvalues of T 
on the imaginary axis and in the open right and left half-plane, respectively. As a 
consequence of the Ji-skew-symmetry of T we obtain: 

Proposition 4.2 Let T be a Hamiltonian operator matrix. 

(i) If X, fi G cFpiT) with A 7^ —JI, then the root subspaces C{X) and C{fi) are 
Ji-orthogonal. In particular C{X) is Ji-neutral for X ^ ap{T). 

(a) If T has a complete system of root subspaces, then (Jp{T) is symmetric with 
respect to the imaginary axis, and C{X) + C{—X) is J i-non- degenerate with 
dim£(A) = dini£(— A) for every X e ap{T). 

(Hi) If there exists z such that z,—z G q{T), then T is Ji-skew-selfadjoint, i.e. 
T = — r'*', and a{T) is symmetric with respect to the imaginary axis. 

In particular, the point spectrum of a Hamiltonian with a finitely spectral Riesz 
basis of subspaces is symmetric with respect to the imaginary axis. 

Proof of the proposition, (i): Since iT is Ji-symmetric, this is an immediate con- 
sequence of [3 Theorem II. 3. 3]. 
(ii): Let 

ao = a;(T) U a^iT) U {-A | A G a;(T)} 

and define U\ = £(A) + C{—X) for A G (Tq. From (i) it follows that the U\ are 
pairwise Ji-orthogonal. For x G Ux (1 U^ this implies that {x\y) — for all 
y G ^ Uf_i. Since ^ Uf^ C H x H is dense by assumption, we obtain {x\y) = for 
ally £ H X H and thus x = 0; U\ is Ji-non-degenerate. For A G ctq with Re A > 0, 
the subspaces C{X) and C{—X) are neutral and their sum is non-degenerate. This 
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implies that diin>C(A) = dim£(— A), see [SJ §1.10]. In particular A, —A € <Jp{T) and 
hence the symmetry of ap(T). 

(iii): We have that iT is Ji-symmetric and w^w € Q{iT) where w — iz. As in 
the Hilbert space situation this implies that iT is Ji-selfadjoint. Consequently, T 
is Ji-skew-selfadjoint. D 

The J2-accretivity of a nonnegative Hamiltonian leads to characterisations of 
the spectrum at the imaginary axis: 

Proposition 4.3 Let T he a nonnegative Hamiltonian operator matrix, 
(i) We have o''t(T) — if and only if 

kei{A - it) n ker C = ker{A* + it) n ker S = {0} for all t G R. (17) 

(a) If T is uniformly positive with B,C > ^, then 

{ze C||Rez| <7} Cr(r). 

Proof (i): We show that (T - it)x = for x = (w, v) e V(T) if and only if 

u e kcr{A - it) n ker C and v e kcr{A* + it) n ker B. 

Indeed [i{T ~it)x = 0, then 

{A - it)u + Bv = 0, Cu- {A* + it)v = and 
= Re{it[x\x]) = Re[Ta;|a;] = {Bv\v) + {Cu\u). 

Since B,C are nonnegative, this yields {Bv\v) — {Cu\u) = 0. Now B admits a 
nonnegative selfadjoint extension B. We obtain ||i3^/^f ||^ = {Bv\v) = {Bv\v) = 
and hence Bv = [B^/'^)'^v — 0. Similarly Cu — and thus also [A — it)u ~ 
[A* + it)v = 0. The other implication is immediate. 

(ii): For x = {u,v) € V{T) we have Re[ra;|a;] = {Bv\v) + {Cu\u) > 7||x||2. 
Let z e (D \ r{T). Then there exists a sequence Xn G 2?(T) with ||x„|| — 1 and 
(T — z)xn — >■ as n — >■ oo. For «„ = Re[(r — z)a;„|a;„] this implies a„ — > 0. We 
obtain 

7 = 7||2;«|1^ < Re[Ta;„|a;„] = «„ +Rez • [x„\x„] 
< |a„| + |Rez| \{J2Xn\xn)\ < |an| + |Rez|||a;„|p -^ \Rez\ 

asn— >-oo,i.e.7<|Rez|. D 

We end this section with two perturbation theorems which ensure the existence 
of finitely spectral Riesz bases of subspaces for T. 

Theorem 4.4 Let T be a Hamiltonian operator matrix where A is normal with 
compact resolvent and B, C are p-subordinate to A with < p < 1. If a {A) lies 
on finitely many rays from the origin and 

liminf^^^^ <oo, (18) 

r — ^oo T ^ 

then T has a compact resolvent, is Ji-skew-self adjoint, and there exists a finitely 
spectral Riesz basis of subspaces {Vk)keM for T . 
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Proof. This is an application of Theorem 13.71 to the decomposition 
T = G + S with G=0^ _^,V ^^(c 

see [3H Theorem 7.2] for details. The skew-selfadjointness then follows by Propo- 
sition H^l D 



Theorem 4.5 Let T be a uniformly positive Hamiltonian such that A is skew- 
selfadjoint with compact resolvent, B, C are hounded and satisfy B,C > ^ . Let irk 
be the eigenvalues of A where {rk)k<£A 'is increasing and A S {S+, Z_, Z}. Suppose 
that almost all eigenvalues irk o,re simple and that for some I > b — max{||_B||, ||C||} 
we have 

rk+i — rk > 21 for almost all fc G A. 

Then T has a compact resolvent, almost all of its eigenvalues are simple, 

cr(T)c{zG (D|7< |Rez| <6}, 
and T admits a Riesz basis of eigenvectors and finitely many Jordan chains. 
Proof See [31 Theorem 7.3]. D 

Remark 4.6 Due to [321 Remark 6.7], Theorem 14.41 continues to hold if A is 
an operator with compact resolvent and a Riesz basis of Jordan chains, B is p- 
subordinate to A*, C is p-subordinate to A, < p < 1, almost all eigenvalues 
of A lie inside sets {e'^^ {x + iy)\x > 0, \y\ < ax^} with a > 0, — vr < 9j < tt, 
j = l,...,n, and ([T5|) is satisfied. Theorem 14.51 also holds if A has a compact 
resolvent, a Riesz basis of eigenvectors and finitely many Jordan chains, and almost 
all eigenvalues of A are simple and contained in a strip around the imaginary axis; 
the constant b has to be adjusted then. 

5 Invariant subspaces of Hamiltonians 

Now we investigate properties of certain invariant subspaces of the Hamiltonian 
with respect to the two indefinite inner products defined in the previous section. 

Let y be a Krein space. Recall that a subspace U C V is neutral if and only 
if C/ C C/^^^. It is called hypermaximal neutral if [/ = U^-^\ see [HIS]. It is not 
hard to see that if U, W are neutral subspaces with V — U (BW, then U and W 
are hypermaximal neutral. For dimy < oo, this is even an equivalence: 

Lemma 5.1 Let V be a finite- dimensional Krein space. If U d V is hypermaximal 
neutral, then there exists a neutral subspace W such that V — U ®W . 

Proof. By induction on n == diniC/ we show that there exist systems (ei, . . . , e„) 
in U and (/i,...,/n) in V which form a dual pair, i.e. {ej\fi) — Sji, and are 
such that W — span{/i, . . . ,/„} is neutral. Indeed, if dimC/ = n + 1 and e € 
U \ spanjei, . . . , e„}, we can set 

n 

e„+i = e-^(e|/j)ej. 
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Since V is non-degenerate, there exists f G V with (e„+i|/) = 1. Then 

~ " " ~ (7\ 7) 

yields the desired properties. 

If X^i^i Q^jSj + /^j/j ~ 0, then we can take the inner product of this equation 
with the elements Cj, fj and find aj — /3j — for all j; (ei, . . . , e„, /i, . . . , /„) is 
linearly independent. In particular (ei, . . . , e„) is a basis of U and C/ n VF = {0}. 
To show V = U ® W, let a; e V^ and set u — x — w where w — X]7=i {^\^j)fj S W. 
Then {u\ej) = for aU j, i.e. -u e C/<-L) =U. D 

For an operator whose point spectrum (Jp{T) is symmetric with respect to the 
imaginary axis, we say that a subset a C (Jp{T) \ ilR is an sc-set {sc for skew- 
conjugate) if 

(i) \ e (T ^ -A ^ (T and 

(ii) A e cTpiT) \ ilR ^ A G cr or -A G cr. 

In other words, a contains one eigenvalue from each skew-conjugate pair (A, —A) 
in cTp (r)\iR. 

Theorem 5.2 Let T be a closed Hamiltonian operator matrix with a finitely spec- 
tral Riesz basis of sub spaces. Then T admits a hypermaxim,al Ji-neutral, T -invari- 
ant, compatible subspace if and only if for all it G al^ (T) we have 

C{it) =Mit®Nit with Mit,Nit Ji -neutral and AIn T -invariant. (19) 

In this case, for every sc-set a C (Jp{T) \ ilR the T -invariant compatible subspace 



C/ = ^£(A)+ Y. ^^t (20) 

AGcr itecri(T) 

is hypermaximal Ji-neutral. 

Proof. Let {Vk)k£M be a finitely spectral Riesz basis of subspaces for T and write 
ffc = a[T\v^). Suppose first that U is hypermaximal Ji-neutral, T-invariant, and 
compatible with (Vfc). So C/ is of the form 



(7 = t/fc - Y. *^^ 

where the subspaces Uk C T4 and M\ C C{X) are all T- invariant, compare Corol- 
larv l3.9l By Proposition 14.21 each C{it), it G crp(T), is Ji-non-degenerate and thus 
itself a Krein space. In view of the previous lemma it suffices to show that Ala is 
hypermaximal neutral with respect to C{it), i.e., M^^ n C{it) = M^. 

Since Mn (Z U we have that Mn is neutral and hence Mn C M-^ ' n C{it). Let 
X G Mjj ' nC{it). Since C{it) is Ji-orthogonal to £(A) for every A ^ it, we see that 
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x{\-)M\ for all A and hence x £ U^-^'^ = U. On the other hand x € C{it) C Vk,, with 
ko such that it e akg ■ Consequently x £ U Ci Vkg — Ukg ■ Now the decomposition 

Uko = A/, 

implies that x € Uko H C{it) = Mu- 

For the other implication, suppose now that for every it e <^1,{T) there is a 
decomposition C{it) = Mu © Nu into neutral subspaces where Mu is T-invariant, 
let a C <Jp{T) \ jR be an sc-set, and let U be given by ((20| . Since C/ is the closure 
of the sum of neutral, pairwise orthogonal subspaces, U is neutral. Moreover, U is 
T-invariant and compatible with (Vk) with decomposition 

f/ = 0' Uk, Uk= J2 ^(^) + Y. ^'*' 

where crj. = o-^(r|yJ. It remains to show that U^^^ C U. We have Vk ^ Uk ® Wk 
with 

M^fe = ^ /:(A) + J2 ^**' Tfe = afe \ (f^ U fT^). 

Let x e U''-^\ We expand x in the Riesz basis (Vk) as x = X]fc("fe + ^k) with 
Uk G Uk, Wk £ Wk- To show that all Wk are zero, we consider now the subspaces 

Uk^Y. ^(-^) + E ^«- 

The fact that a is an sc-set yields A S rj; => — A g cr, and therefore Uk C U. 
Moreover Uk is Ji -orthogonal to Wj for j ^ k, and H^fc is neutral. For u & Uk, 
w S W^fc we thus compute 

= (ccIm) = ^ (Mj + Wj \u) = {wk\u) = {wk\u + w) . 



In view of Proposition 14.21 Uk + Wk is non-degenerate since it is the orthogonal 
sum of subspaces C{X) + £(— A), A e n- U ct^,. Consequently Wk — for all k and 
hence a; = J2k Uk ^U . D 

Remark 5.3 Since all root subspaces of T are finite-dimensional, results about 
the Jordan structure of J-symmetric matrices (e.g. [T7I, Theorem 2.3.2]) may be 
used to reformulate condition ^^■. It turns out that (fTO)) holds if and only if 

C{it) = M^f. © N^f. with neutral subspaces M[^,N[^. 

Now we consider the subspaces associated with cr^(T), the point spectrum of 
T in the right and left half-plane, respectively. 

Lemma 5.4 Let T he an operator on a Banach space with <jt,{T) = 0. Consider 
the algebraic direct decomposition 

J2 C{X)^W+ + W-, w^±- E ^(^)' 
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and the associated algebraic projections P± onto W± . Then 

1 /■' 

— / (T - z)-^xdz^ P+x- P-X for all a; G V C(X), (21) 

where the prime denotes the Cauchy principal value at infinity, that is J^^ f dz — 
limr^oo r\ f dz . 

Note that the integrand in d^l]) is weU-defined since (T — z)^^ acts, for each 
X, on a finite sum of finite-dimensional subspaces generated by Jordan chains; 
(T — z)~^x is thus continuous in z. 

Proof of the lemma. By linearity it suffices to consider x e 'C(A) and the Jordan 
chain generated by x. With respect to this Jordan chain, T is represented by the 
matrix 

^A 1 

Ex = I ■■■ I , (22) 

A, 



and it suffices to show that 



/ {Ex - zy^dz = ±iTTl 



for Re A ^ 0. This is a straightforward calculation. D 

Lemma 5.5 Let T be an operator with a Riesz basis {xk)ki£K consisting of Jordan 
chains. If cr!,(r) = and (Tp{T) is contained in a strip around the imaginary axis, 
then 

/oo 
\\{T -ity^xW^ dt > c\\x\\^ for a; G spanjzfc | fc € N} 
-oo 

with some constant c > 0. 

Proof. Let x e spanjxfc | k e N}. Then there is a finite system F = (j/i, . . . , ?/„) C 
{xk)keM consisting of Jordan chains such that x = aiyi + . . . + a„i/„. spani^ is a 
T-invariant subspace with basis F. With respect to F, (T — it)~^ is represented 
by a block diagonal matrix D with blocks of the form {E\ — it)^^, E\ as in (|22p . 
Hence 

n n 

{T - ity^x = ^ak{T - ity^yk ^ ^ akDjkVj- 
fe=i j,fc=i 

Let m, Af > be the constants from ([3]) for the Riesz basis {xk)- Putting ^ = 
(ai, . . . , a„) and using the Euclidean norm on (D", we find 

n n 2 

||(T-ii)-ix|p>m^|^afci^,fc| =m||i?ef- 
i=i fc=i 

Now ll-DCII^ is the sum of terms of the form \\{E\ — it)^^i'\\'^, one for each Jordan 
chain in F with ly the part of ^ corresponding to that Jordan chain. From 

\\Ex-it\\ < \X-it\ + \\ ("•■ ^) II < \X-it\ + l 
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it follows that 



ll'^>-'""-ll'^ (|A-«| + ip "-ll'- 



With u = Re A, v — Im A, we calculate 



dt f°° dt 1 r°° dt 

> 



(|A - it\ + 1)2 - J_^ 2(|A - ztp + 1) 2j_^l + u^ + it- v) 

1 / t-v 

: arctan [ 



2vi + u2 V\/r 



u 



2vr 



Choosing a > such that | Re A| < a for all A G (Tp{T), we obtain 

/^ y II - 2VTT^ - 2MVTT^ D 

A subspace U (Z V oi a Krein space is called nonnegative, positive and uniformly 
positive if {x\x) > 0, > and > Q;||a::|p, respectively, for all x e U \ {0}, with 
some constant a > 0. Nonpositive, negative and uniformly negative subspaces are 
defined accordingly. 

In the context of dichotomous operators, the following result was obtained in 

m- 

Proposition 5.6 LetT he a nonnegative Hamiltonian operator matrix with o't,(T) = 
0, and consider the subspaces 



u±= j2 ^(^y 



Ae(T±(T) 



Then U+ is J2- nonnegative and U- is J2 -nonpositive. 

If in addition T is uniformly positive, has a Riesz basis of Jordan chains, each 
eigenvalue has finite multiplicity, and (Jp{T) is contained in a strip around the 
imaginary axis, then U± is uniformly J2-positive/-negative. 

Proof Let W± = 'R-{P±) as in Lemma [Ol So U± = WZ. For x e W+, using the 
J2-accretivity of T, we obtain 

1 /■' 
[x\x] = Re[P+2; - P^x\x] = - / Re[(r - ity^x\x] dt 

= - / Re[T{T^it)~^x\{T-it)-^x]dt>0. 

Thus W+ and hence also C/+ are nonnegative. For x e W- a similar calculation 
shows that [x\x] < and hence t/_ is nonpositive. 

Now suppose that the additional assumptions on T are satisfied. In particular, 
let B, C > 7 > 0. For x E W+, using Lemma TS. 51 we then obtain 

1 /■' 

[x\x] = - / Re[T{T-it)-'^x\{T-ity^x]dt 

>1 f \\{T^it)-^xfdt> —\\xf. 



Consequently [/+ is uniformly positive. Again, a similar reasoning yields that f7_ 
is uniformly negative. D 
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Remark 5.7 Proposition 14.21 and Theorem 15.21 also hold for arbitrary (skew-) 
symmetric operators on Krein spaces since in the proofs the particular structure of 
the Hamiltonian as a block operator matrix was not used. Similarly, Proposition l5.6l 
holds for arbitrary (uniformly) accretive operators. 

Lemma 5.8 Let T be a nonnegative Hamiltonian operator matrix with 

C > and ker(A* - A) n kerB = {0} for all A G C. (23) 

Then the root subspaces C{X) of T are J2-positive for Re A > and J2-negative for 
ReA <0. 

Proof. Suppose that ReA > 0; the proof for Re A < is analogous. From Propo- 
sition [52] we know that £(A) is J2-nonnegative. Let x = {u,v) G C{X) \ {0} and 
n € N minimal such that (T — X)"x = 0. We use induction on n to show that 
[a;|a;] ^ and thus [x\x] > 0. 
For n = 1 we have 

ReA • [a;|a;] = Re[Tx|a;] = {Bv\v) + {Cu\u). 

If [x\x] = 0, then u = since B is nonnegative and C positive. Hence 

and (l23l) yields ?; = 0, a contradiction. 

For n > 1 we set y = {T — X)x; so [y\y] > by the induction hypothesis. If 
[a;|a;] = 0, then 

= ReA • [x\x] = Re[ra;|a;] - Re[y\x], 

i.e., 

Re[y\x] == {Bv\v) + {Cu\u) > 0. 

For r G IK let w — rx + y . Then [w\w] = 2r Re[y|a::] + [y\y]. Since w G 'C(A) is J2- 
nonnegative and r is arbitrary, this implies Re[y|a;] = 0, i.e. {Bv\v) + {Cu\u) = 0. 
So again u = and {Bv\v) — 0. The reasoning from the proof of Proposition 14.31 
then yields Bv = 0. Consequently, the first component of y is zero and hence 
[y\y] — 0, again a contradiction. D 

6 Solutions of the Riccati equation 

In this section we consider Hamiltonian operator matrices which are diagonally 
dominant, i.e., B and C are relatively bounded to A* and A respectively, see |28) : 
in particular 

V{A)cV{C), V{A*) cV{B). (24) 

Recall that, e.g., C is relatively bounded to A if I?(A) C 2?(C) and there are 
constants a,b such that ||Cm|| < a||u|| -I- f'||^u|| for all u G T^{A). The infimum 
of all such b is called the A-bound of C Since for a Hamiltonian T the operators 
B and C are symmetric and hence closable, T is diagonally dominant if A is 
closed and (|24l) holds, see [2S1 Remark 2.2.2]. In particular, the Hamiltonians from 
Theorem 14.41 and 14.51 are diagonally dominant. 
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For an operator X on the Hilbert space H we consider the graph subspace 

It is well known that invariant graph subspaces of block operator matrices are 
connected to Riccati equations. Here we have the following relations, see also [31] 
Section 4.3]: 

Proposition 6.1 Let T he a diagonally dominant Hamiltonian and X an operator 
on H. 

(i) r(X) is T -invariant if and only if X satisfies the Riccati equation 

X{Au + BXu) = Cu- A*Xu for all u £ V{A) n X-^V{A*). (25) 

(In particular Au + BXu G V{X) for u G V{A) n X~'^V{A*).) 

(ii) If T has a finitely spectral Riesz basis of subspaces (yk)ke'N fl*^*^ r(X) is T- 
invariant and compatible with {Vk)k€'N, then T^^A) f] X~^'D{A*) is a core for 
X. 

(Hi) If X is selfadjoint and 'D{A) f] X^^'D[A*) is a core for X, then (|25p holds if 
and only if 

{Xu\Av) + {Au\Xv) + {BXu\Xv) - {Cu\v) = (26) 

for all u,v eV{A) n X-^V{A*). 

Proof (i): T{X) is T-invariant if and only if for ah u G V{A) n V{X) with Xu G 
2?(A*) there exists v G I?(X) such that 

t/^"^-M" + ^^" \ - f '" 
[Xu ~ \Cu-A*Xu ~ \Xv 



and this is obviously equivalent to (|25l) . 

(ii): By assumption, we have V{X) = 0^ C/fc with C/fc C V{T). Then Y.k ^k 
is dense in T{X), and hence the subspace D C H obtained by projecting J2k ^k 
onto the first component is a core for X. Moreover D C T^iA) D X~-^T>{A*) since 
J2k Uk C V{T); hence V{A) n X-^V{A*) is a core for X. 

(iii): Taking the scalar product of (gS]) with v G I?(A) n X^^ViA*), we imme- 
diately get (J26D . On the other hand, (0^ can be rewritten as 

{Au + BXu\Xv) = {Cu - A*Xu\v). 

Since VI^A) n X-^V{A*) is a core for X, this equation holds for ah v G V{X). 
Consequently Au + BXu G V{X*) = V{X) and I^Ei follows. D 

Graph subspaces are also naturally connected to the Krein space inner products 
considered in Section |4l see also [TO] . 

Lemma 6.2 Consider an operator X on the Hilbert space H . 
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(i) X is Hermitian, i.e. {Xu\v) = {u\Xv) for all u,w G 2?(X), if and only if 
T{X) is Ji-neutral. 

(ii) X is self adjoint if and only if T{X) is hypermaximal Ji-neutral. 

If X is Hermitian, then 

(Hi) X is nonnegative and nonpositive if and only if T{X) is J2-nonnegative and 
J2-nonpositive, respectively; 

(iv) X is hounded and uniformly positive (negative) if and only if T{X) is uni- 
formly J2-negative (positive). 

Proof. The assertions (i) and (iii) are immediate. For (ii) suppose T{X) is hyper- 
maximal Ji -neutral. If w € X'(X)-'- then 

Hence {0,w) e T{X)^-^'^ = r(X) and so w = 0; X is densely defined. Since X is 
also Hermitian, it is thus symmetric, X C X* . If now v e I?(X*), then 

ix) (x* )) "'**^"l^*") "**^^"l^^ "^ for all M e X>(X), 

which implies {v,X*v) E r(X) and so ti e T^{X) and X*v = Xv. X is thus 
sclfadjoint. The converse implication in (ii) is proved similarly. 

(iv): Let X be Hermitian and T{X) uniformly J2-positive. Then 



2||XM||||?i|| > 2{Xu\u) 



u 
Xu 



u 
Xu 



> a 



u 
Xu 



oi.\\u\\ + aj|Xu| 



implies that {Xu\u) > §||m|P and \\Xu\\ < ^||u||. The proof of the other assertions 
is similar. D 

Theorem 6.3 Let T be a diagonally dominant, nonnegative Hamiltonian operator 
matrix with gi(T)niR ^ and a finitely spectral Riesz basis of sub spaces {yk)k^M- 
Suppose that 

(a) B is positive, or 

(h) there is a connected component M of q{A) such that M n q{T) n zR 7^ and 

s^an{{A- zy^B*u\z(^M,u(^V{B*)] d H is dense. (27) 

Then every hypermaximal Ji-neutral, T -invariant, compatible subspace U is the 
graph U = T{X) of a sclfadjoint operator X satisfying the Riccati equation 

X{Au + BXu)^Cu-A*Xu, u eV{A) n X-^V{A*), (28) 

and V{A) n X-^V{A*) is a core for X. 
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Proof. In view of Proposition 16.11 and Lemma Wl^ we only need to show that U is 
a graph subspace. For this it is sufBcient that (0, w) G U implies w = 0. Suppose 
(a) holds and let it € g{T), t € R. Let {0,w) € U and set {u,v) = {T -it)-^{0,w). 
Then 

{A - it)u + Bv = 0, Cu- {A* + it)v = w. 

Since U is Ji-neutral and invariant under (T — it)^^ , this implies 



"0 



i{w\u) 



and thus 

= {w\u) = {Cu\u) - {v\{A - it)u) = {Cu\u) + (Bv\v). 

Since B is positive and C nonnegative, this implies u = 0, and the reasoning from 
the proof of Proposition 14.31 also yields Cu = 0. Hence w = 0. 

In the case of (b), for it ^ M O g{T) n iH we consider u, v as above and obtain 
now Cu = Bv = 0. Since it e g{A), we have —it e g{A*). For u € 'D{B*) we get 

{{A* + it)-^w\B*u) = ~{v\B*u) = -{Bv\u) = 0. 

Consequently, the function f{z) = {{A* — z)~^w\B*u), which is holomorphic on 
M, vanishes on M n g{T) n iR. From the identity theorem we thus obtain 

= {{A* - z)-^w\B*u) = (w I (A - z)-^B*u) for all z G M, 

and (l27l) now implies w = Q. D 

Remark 6.4 Applying the previous theorem to the Hamiltonian 

we immediately get the following symmetric statement: If C is positive or there is 
a connected component M of g{A) such that M n g{T) n iR 7^ and 

ii^'<m{{A* -z)-'^C*v\zeM,v(^V{C*)} (ZH is dense, (30) 

then a hypermaximal Ji-neutral, T-invariant, compatible subspace U is the "in- 
verse" graph 

c/ = ri„v(F) = {(^J') \vev{Y)] 

of a selfadjoint operator Y such that 

Y{CYv - A*v) = AYv + Bv, ve V{A*) n Y-^V{A), 

and 'D{A*)r)Y^^'D{A) is a core for Y. In particular, if simultaneously U = T(X) = 
rinv(^), then X is injective and X^^ — Y. 

For bounded B, C, conditions analogous to (|27| and (pO)) have been used in [18]. 
In that setting, they are equivalent to the approximate controllability of the pair 
{A, B) and the approximate observability of [A, C), respectively. Here we have the 
following relation: 
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Proposition 6.5 Let A, B be densely defined operators on a Hilbert space H and 
M C g{A). Then for the assertions 

(i) spaii{{A- z)-'^B*v\z e M,v e V{B*)} C H dense, 

(li) ker(A* - A) n kerS = {0} for all Xe€, 

we have the implication (i) ^ {ii). If A is normal with compact resolvent, 'D{A) C 
'D(B), and M has an accumulation point in g{A), then (i) <^ (ii). 

Proof. For (i)=>(ii) consider A*u = Xu, Bu = 0. Then 

{{A - z)-^B*v\u) = {v\B{A* - z)-^u) = {v\{X - z)-^Bu) = 

for every z £ M, v E 'D{B*) and (i) implies u = 0. 

Now let A be normal with compact resolvent. Let {Xk)ki£'N be the eigenvalues 
of A and Pk the corresponding orthogonal projections onto the eigenspaces. To 
prove (i), let u € H be such that {{A - z)~'^B*v\u) = for all z € M,v € V{B*); 
we aim to show u — 0. The function 

OO -J 

f{z) = {{A - z)-'B*v\u) = V {PkB*v\u) 

is holomorphic on g{A) and vanishes on M; hence / = by the identity theorem. 
If we integrate the series along a circle in g{A) enclosing exactly one Xk, we obtain 

= iPkB*v\u) = {B*v\Pku) for aU v e V{B*), 

i.e. Pku e n{B*)^ = kerS. Since PkU G V{A) C V{B), we have in fact PkU € 
kei B. Since the eigenspaces of A and A* coincide, (ii) now implies PkU = for all 
fc e N and thus u = 0. O 

Corollary 6.6 In the situation of Theorem \6.3\ we have cr'LlT) = if and only if 

ker(A - it) n ker C = {0} for all t e R. 

In this case, for every sc-set a C crp(r) the associated compatible subspace U^ is 
hypermaximal Ji-neutral and thus Ua = T{X„) with a selfadjoint solution X^ of 
(|28p . The solutions X± corresponding to a = a^ (T) are nonnegative/nonpositive. 
If C is even positive, then every X„ is injective. In addition, X± is the uniguely 
determined nonnegative/nonpositive selfadjoint solution of (pS)) whose graph is 
compatible with {Vk)k<£'K- 



Proof. The characterisation of crp(T) = is immediate from Proposition 
and 16.51 If cr'l{T) = 0, then condition ([T^ in Theorem 15.21 is trivially satis- 
fied and hence U^ is hypermaximal Ji-neutral. The subspace U± associated with 
ap{T) is J2-nonnegative/-nonpositive by Proposition 15 .61 and hence X± is nonneg- 
ative/nonpositive by Lemma 16.21 

Now suppose that C > 0. Then X^ is injective by Remark 16.41 Let X be 



nonnegative selfadjoint and T{X) = 0^, Uk with Uk C Vk T-invariant. Then each 
Uk is J2 -nonnegative and the span of certain root vectors of T. By Proposition l6.5[ 
Lemma 15.81 can be applied and yields that Uk is the span of root vectors corre- 
sponding to eigenvalues in the right half-plane. Therefore Uk C U+ and hence 
T{X) C U+. Consequently X C X^ and thus X = X+ since both operators are 
selfadjoint. The proof of the uniqueness of X- is analogous. D 
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7 Bounded solutions 

Consider a diagonally dominant Hamiltonian T and the decomposition 

T^G + S, G^l'l _\y S^(l {^). (31) 



Definition 7.1 We say that T is rO-diagonally dominant (r stands for resolvent) 
if there is a sequence (zk) in g{G) such that 



lim \\S{G-Zk)-^\\^0. 

Lemma 7.2 (i) If T is rO- diagonally dominant, then S is relatively bounded to 
G with G-hound 0. Moreover 

Zkeg{T) with {T-Zk)-^^{G-Zk)-\l + S{G-Zk)-y' 

whenever \\S{G — Zk)^^\\ < 1; in particular q{T) ^ 0. 

(ii) If S is relatively bounded to G with G-bound 0, and there is a sequence (zk) 
in g{G) and a constant c > such that 

lim|zfc|=(X) and \\{G ~ Zk^^W < - — :, 

fc->oo \Zk\ 

then T is rO-diagonally dominant. 
Proof, (i) is a consequence of the estimate 

\\Sx\\ <\\S{G ^ Zk)-^\\\\{G - zk)x\\ <\\S{G - Zk)-%\\Gx\\ + \zk\\\x\\) 
and a Neumann series argument, (ii) follows from 

\\G{G-Zk)-^\\ = \\I + zu{G-Zk)-^\\<l + c 
and 

\\S{G - z^r^W < a\\{G - Zk)-'\\ + b\\G{G - z^r'W <-^+b{l + c), 

\Zk\ 

where & > can be chosen arbitrarily small. D 

Since p-subordination with p < 1 implies relative boundedness with relative 
bound 0, see e.g. [31] Section 3.2], the previous lemma yields that the Hamiltonians 
from Theorem 14.41 and 14.51 are rO-diagonally dominant. 

Proposition 7.3 Let T be an rO-diagonally dominant Hamiltonian and X : H ^f 
H bounded such that T{X) is T- and {T — z)~^ -invariant for all z € q{T)- Then 
XV{A) C V{A*) and 

A*Xu + XAu + XBXu~Gu^Q, u(^V{A). (32) 

Moreover 

a{A + BX) = a{T\r(x)), o^{A + BX) = ap(r|r(jf)), 

and for every A G (7p(A + BX) the root subspace of A + BX corresponding to X is 
the projection onto the first component of the root subspace of T\-ptx) corresponding 
to X. 
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Proof. We consider the isomorphism ip and the projection prj^ given by 

ip:H^T{X), pr^: H X H ^ H, 

and 

ui— >(u,Xm), (m, u) h> u. 

Hence (p~^ = Wi\r{x)- Using the decomposition (|3ip and writing E — (p^^T\y\x)'P 
and F — jii-^Sip, we have 

E- F = WiT^p - WiS^p = WiG'-p = A\-i,(A)nx-^v(A')- 

The (T - z)-i-invariance of V{X) implies that ^-^{T - z)-^(p = [E - z^^ for 
z G q{T). Since T is rO-diagonahy dominant, we can now find z G q{G) n q{T) 
such that 

F{E - z)-'^ ^ WiS^ o Lp-^{T - z)-^if ^ WiS{T - z^^ip 
= priS'(G - z)-^I + S{G - zr^y\ 

and \\F{E — z)^^\\ < 1. Consequently z G g{E — F) — g{A\xnA)nx-'^v(A*))- Since 
also z e g{A), we obtain V{A) n ^-^^(A*) = X'(A), i.e. XX>(^) C V{A*). The 
Riccati equation (15^ then follows from ([^5)) . Moreover, we have 

ip-^T\rix)V' = A + BX, 

which immediately implies the equality of the spectra and point spectra of r|r(x) 
and A + BX, and that (p maps the root subspaces of A + BX bijectively onto the 
corresponding ones of T|p(x)- O 

Theorem 7.4 Let T be an rO- diagonally dominant Hamiltonian with compact re- 
solvent and a finitely spectral Riesz basis of subspaces (yk)keTN- Let X : H ^>- H 
be bounded. Then r(X) is T -invariant and compatible with (Vfc)feg]N if and only if 
XT) [A) C 'D{A*) and X is a solution of the Riccati equation 

A*Xu + XAu + XBXu-Cu^Q, u(^V{A). (33) 

Proof. If r(X) is invariant and compatible, then the assertion follows from Propo- 
sitionO So suppose that XV{A) C V{A*) and that ^ holds. In view of Propo- 
sition [3112 it suffices to find z G q{T) such that r(X) is (T — z)~ ^-invariant. Let ip 
and pr^ be as above. Let z S q[G), in particular z G q{A). Since X'D{A) C 'D{A*), 
we have 

A — z — pr]^(G — z)Lp. 

Set W = {G — z)lp{'D{A)). Then pr^^ maps W bijectively onto H and we have 

{A~z)-' = ^-\G-zr\v,Mr'- 

We want to show that W is closed. Let Xn & W with x„ — >■ x as n — >■ oo and 
set Vn = {G ~ z)^^Xn- Then yn ^ {G — z)~^x as well as 

yn = ^p{A - zy^pr^Xn -> 'p{A - zy^pv^x. 

Consequently {G— z)~^x = ip{A — zy^pi^x and hence x G W. The open mapping 
theorem now implies that (pr^^jvi/)^^ is bounded. Since 

BX{A - z)-i = WiS^ o ^~\G - zy^pvM)-^ = WiS{G - z)-\wi\w)-^ 
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and due to the rO-diagonally dominance of T, we can find z G g{G) n g{T) such that 
\\BX{A-z)-'^\\ < 1, which in turn yields z € g{A + BX). Since ^ holds, r{X) is 
T-invariant and (p"^r|r(jf)(/? = A + BX; in particular ei(T|r(x)) = e(^ + B^). We 
end up with z G (>{T) n 6'(T|r(x))7 which implies that T{X) is (T— z)^^-invariant. 

D 

Remark 7.5 Let X be bounded and selfadjoint. Then XV^A) C P(A*) and 

A*Xu + XAu + XBXu~Cu^O, ueV{A), 

if and only if XV{A) C I?(B) and 

{Xu\Av) + {Au\Xv) + {BXu\Xv) - {Cu\v) ^0, u,v e V{A). 

Indeed, the second equation implies that {Xu\Av) is bounded in v; hence Xu G 
'D{A*) and the first equation follows. 

Lemma 7.6 Let X_|_, X_ be bounded selfadjoint operators on a Hilbert space H 
with X_|_ uniformly positive and X^ nonpositive. If X is a Hermitian operator on 
H satisfying ViX) = D^ + Z3_, X\]j^ = X±\]j^, then X is bounded. 

Proof. First consider u G -D+, v G -D- with ||u|| — \\v\\ = 1. Then 

Re(M - v\X+u + X^v) = Rc{{u\X+u) - {v\Xu) + {u\Xv) - {v\X^v)) 
^ {u\X+u) - {v\X^v) > 7 

where X+ > 7 > and hence 

j<\{u-v\X+u + X^v)\<\\u-v\\-{\\X+\\ + \\X^\\). 
This implies 

l-Re{u\v)^^\\u-vf>6 with <5-i(^^^^^^^ >0. 

Consequently 

\{u\v)\<l-S for aU u e D+,v e D^ with \\u\\ = \\v\\ ^ 1. 

Now for arbitrary u G I?+, v G Z?- we have the estimates 

\\X{u + v)\\ = \\X+u + X^v\\ < max{||X+||, ||X_||}(||w|| + \\v\\), 

{\\u\\ + \\v\\f<2{\\ur + \\vr), 

\\u + v\f> \\u\f + \\v\f 2\iu\v)\ > \\u\f + \\vf - 2(1 - S)\\u\\\\v\\ 

>\\ur+\\vr-{i-6){\\ur+\\vr) = s{\\ur+\\vr). 

Therefore 

\\X{u + v)\\ < ^max{\\X+\\,\\X^\\}\\u + v\\, 

X is bounded. D 
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Recall from Proposition 14.31 and (|12p that a closed uniformly positive Hamil- 
tonian with a finitely spectral Riesz basis of subspaces satisfies {z G (D | | Rez| < 
7} C q{T) for some 7 > 0. 

Theorem 7.7 Let T be a uniformly positive, rO- diagonally dominant Hamiltonian 
with a Riesz basis of Jordan chains, where each eigenvalue has finite multiplicity 
and o'p{T) is contained in a strip around ilR. 

(i) If U is a hypermaximal Ji-neutral, T -invariant, compatible subspace, then 
U = r(X) where X is bounded, selfadjoint, boundedly invertible, XT) {A) = 
^{A*), and X is a solution of the Riccati equation 

A*Xu + XAu + XBXu-Cu = 0, ueV{A). (34) 

Moreover, the solutions X± corresponding to the compatible subspaces U± 
associated with a^ (T) are uniformly positive/negative and 

X- <X < X+, XZ^ < X-^ < X-\ (35) 

(ii) If X is a closed symmetric operator satisfying I?(A) C ^^{X), X'D{A) C 
V{B), and 

{Xu\Av) + {Au\Xv) + {BXu\Xv) - {Cu\v) =0, u,v e V{A), (36) 

then X is bounded, X'D{A) C 'D{A*) and (j34p and the first inequality in psp 
hold. If in addition T has a compact resolvent, then T{X) is hypermaximal 
Ji-neutral, T -invariant and compatible, and hence all conclusions of (i) hold. 

(Hi) If X is bounded and T{X) is T -invariant and compatible, then there exists a 
projection P such that 

X = X+P + X^{I-P). 

Proof, (i): Theorem 16.31 and Remark |6.4I yield that [/ is a graph U = T{X) with 
X selfadjoint and injective. In particular U± — T(X±) where X± is also bounded 
and uniformly positive/negative by Proposition 15.61 and Lemma 16.21 Let {Xk)keN 
be the eigenvalues of T. Since the root subspaces C{Xk) of T form a Riesz basis, 
we have T{X) = 0fegj^ Uk with T-invariant subspaces Uk C £{Xk). Hence 

r{x) = w+®W- with w+= 0' L/fc, W-= 0' C/fe, (37) 

RcAfc>0 RoAfc<0 

and W± C T{X±). If D± = pr]^(W±) where prj^ is the projection onto the first 
component, then T>{X) ~ Z?+ + -D-, ^|d± — X±\d^, and Lemma FTHl implies that 
X is bounded. From Proposition O we thus obtain XV{A) C V{A*) and ((M)) . 
Then also (pS)) . and the first inequality in (|55|) will be a consequence of (ii). As 
r(^(±)) — rinv(^f+')), the above reasoning applied to the Hamiltonian T from 
([29]) yields the boundedness of X^^, X-^V{A*) C V{A) (hence XV{A) = V{A*)), 
and the second inequality in ([55)) . 
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(ii): Since equation p6p holds for X^, we have 

= {Au\{X+ - X)u) + {{X+ - X)u\Au) + {BX+u\X+u) - {BXu\Xu) 
= {{A + BX+)u\{X+ - X)u) + {{X+ - X)u\{A + BX+)u) 

- {B{X+ - X)u\{X+ - X)u) 

for u e V{A). With A = X+ - X and t e R we obtain 

2 Re((A + BX+ - it)w| Au) = (BAw| Au) > 0. 

As a consequence of Proposition [731 we have that iR C q{A + BX^), that (Tp(yl + 
BX+) is contained in the right half-plane, and that the system of root subspaces 
{Lx) of A + BX+ is complete in H. Then 

Re{v\ll{A + BX+-it)-^v)>Q for w e iJ, 

and Lemma [53] yields 

1 /■' 

{Av\v) = - Re{Av\{A + BX+-ity^v)dt>0 for u e ^ La- 

Hence X < X+ on X)a-^^- Analogously we find A"_ < X on J2x^>^- Since X^ 
and X^ are bounded, this implies that X is bounded on ^xL\ and hence on i/ 
since X is closed. Consequently X^ < X < X+ holds on H, and XV{A) C X>(A*) 
and (p4)) follow by Remark 17.51 

Let now T have a compact resolvent. Theorem 17.41 implies that r(Ar) is a 
compatible subspace. It is also hypermaximal Ji-neutral since X is selfadjoint. 

(iii): We have again the decomposition ([571) . In particular, (Uk) is a Riesz basis 
of T{X). Let Dk — piiiUk)- Then (-Dfe) is complete in H. Moreover, if c is the 
constant from Q for the basis (Uk) and Uk E Dk, then 



|2 



k=Q k=0 ^ ' k=0 ^ ' k=0 



2 11,11, ||2 



/t Q / \ 9 / \ 9 



fe=0 fe=0 



fe=0 



ATMfc 



\ukf. 



k=0 



So (I?fe)fcgN is a Riesz basis of subspaces of H. Consequently, we have the decom- 
position 

H= 0' i?fe® 0' Dk. 

ReAfc>0 RcAfc<0 

Let P : H ^ H he the corresponding projection onto ©r;, ^ >o ^k- Since X\o^ — 
A:±|d, for ReAfc ^ 0, weobtain a: = A:+P + X_(/-P). ' D 

8 Examples 

In the first example we consider a Hamiltonian for which the Riccati equation has 
unbounded solutions which can be explicitly calculated. In the other examples we 
apply our theory to non-trivial Riccati equations involving differential operators. 
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Example 8.1 Let T be a nonnegative Hamiltonian such that A is normal, B — I, 
C is selfadjoint, and A and C admit an orthonormal basis {ek)k>i of common 
eigenvectors, Ack = ik'^Ck and Ce^ = kck for fc > 1. Then C is 1/2-subordinate to 
A and Theorem 14.41 can be applied. The subspaces Vk = (Dcfc x (Dcfe constitute an 
orthogonal decomposition H x H = 0^, Vk, which is obviously finitely spectral for 
T with 

The eigenvalues and corresponding normalised eigenvectors of r|vi- are 

'^ *" yr+T \±VkekJ 

The hypermaximal Ji -neutral compatible subspace corresponding to an sc-set a C 
cr(T) is given by 

c,,.©v, with c/.J^"^! ''5"- 

and it is the graph Ucr = r{Xa) of a selfadjoint solution Xg- of ([^5]). 

{\/A:efc if A^ G cr, 
— Vkek if Aj^, e a. 

In particular, X^ is unbounded and boundedly invertible. Consider now the se- 
quences (xfc)fcg]N, {x'l)ke¥! and {x'^)k(zK given by 



Then z/j = a;^ + x^ with x^ E ^^fc i the sequence (xk) converges to zero, while 
the sequences (x^, ) do not. Consequently, the algebraic direct sum 

k>l k>l 

is not topological direct, the system of eigenvectors (wj, )k>i is not a Ricsz basis, 
and the operator T is neither Riesz-spectral nor dichotomous, see also Remark lS.lOl 

By choosing different eigenvalues for the operators A and C in the previous 
example, it is easy to construct solutions X^ with different properties, for example 
solutions which are unbounded and not boundedly invertible. 

Example 8.2 Let H = L'^{[a, b]) and consider the operators A, B, C on H given 

by 

Au = u'" , Bu = —{giu'Y + hiu, Cu = —{g2u')' + /12U, 
V{A) = {uE W^'^{[a, h]) I u{a) = u{h) ^ 0, u' {a) = w'(6)}, 
V{B) = V{C) = {m e C^{[a, b]) \ u{a) = u{h) = O} 
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where gi,g2 G C^{[a,b]), ft.1,/12 G L'^{[a,b]), 91,92, hi, h2 > 0, and W''''^{[a,b]) 
denotes the Sobolev space of k times weakly differentiable, square integrable func- 
tions. Then A is skew-selfadjoint with compact resolvent, G g{A), and (j{A) 
consists of at most two sequences of eigenvalues 

\jk == Cjkk^, k > kjQ, j = I, 2, 

with converging sequences {cjk), see [35]. Since the multiplicity of every eigenvalue 
is at most three, this implies that 

N(r,A) 

sup T-7- < 00. 

The operators B and C are symmetric and nonnegative. Using Sobolev and inter- 
polation inequalities, see [T], we can find constants &i, &2, ^3 > such that 

II-B^^IIl^ < ||5i||oo||w"|1l2 -I- ||5i||l2||m'||oo + ||/ii||l2|I"IIoo < 6i||u||vi/2.2 
< b2\\u\\]!'\\u\\%L < bs\\u\\]^i'{\\uh2 + \\u"'\\L2f^' 
<bs{\\A-'\\ + lf'\\u\\li'\\Au\\%' 

for u G 'D{A). Hence B, and similarly C, are 2/3-subordinate to A. By The- 
orem 14.41 the Hamiltonian corresponding to A, B, C thus has a finitely spectral 
Riesz basis of subspaces. If gi > or hi > 0, and if 32 > or /12 > 0, then both B 
and C are positive, and CoroUarv 16.61 vields an injective selfadjoint solution X^ of 
(Pg]) for every sc-set cr C cr(T). 

The example above immediately generalises to normal differential operators A 
on [a, b] of order n and nonnegative symmetric differential operators B,C oi order 
at most n — 1. 

Example 8.3 Let H = L^([— 1, 1]) and consider the operators 

Au = u', V{A) = {ue W^-^i[-l, 1]) I m(-1) = u{l)}, 
Bu = bu, Cu = cu, V{B) = V{C) = H 

with 6,c G L°°([-l,l]) and b{t),c{t) > 7 > for almost all t G [-1,1]. A is 
skew-selfadjoint with compact resolvent and simple eigenvalues A^ = ztt/c. B and 
C are bounded and uniformly positive. If now |lfo||oo, ||c||oo < 7r/2, then we can 
apply Theorems 14. 51 and 17. 71 and obtain bounded, selfadjoint, boundedly invertible 
solutions of the Riccati equation ([M)) . 

Consider now the special case that c = x^b with 

X(t) = ^' 11^' aGR\{0,l}. 

la, t > 0, 

Let X G L{H) be the operator of multiplication with x- It is not hard to see that 

V{A) n X-^V{A) = {u G VKi'2([-l, 1]) I u{-l) = m(0) = u{l) = 0} 
and AXu = xu' for u G V{A) n ^-^^(A). Hence 

-AXu + XAu -I- XBXu -Cu^ -xu' + X"' + X^^u - cu ^ 0. 
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Consequently, X is a solution of the Riccati equation 

-AXu + XAu + XBXu - Cu = 0, u e V{A) n X-^V{A), 

and 'D{A)i^X^^'D{A) C H is dense. In particular, T{X) is a T-invariant subspace. 
On the other hand, since V{A) n X-'^V{A) ^ V{A) we have XV{A) ct V{A), and 
with Theorem 17.41 we conclude that T{X) is not a compatible subspace. 
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